An extended body orbiting a compact object undergoes tidal deformations by the background gravitational field. Tidal invariants built up with the Riemann tensor and their derivatives evaluated along the world line of the body are essential tools to investigate both geometrical and physical properties of the tidal interaction. For example, one can determine the tidal potential in the neighborhood of the body by constructing a body-fixed frame, which requires Fermi-type coordinates attached to the body itself, the latter being in turn related to the spacetime metric and curvature along the considered world line. Similarly, in an effective field theory description of extended bodies finite size effects are taken into account by adding to the point mass action certain non-minimal couplings which involve integrals of tidal invariants along the orbit of the body. In both cases such a computation of tidal tensors is required. Here we consider the case of a spinning body also endowed with a non-vanishing quadrupole moment in a Kerr spacetime. The structure of the body is modeled by a multipolar expansion around the "center of mass line" according to the MathissonPapapetrou-Dixon model truncated at the quadrupolar order. The quadrupole tensor is assumed to be quadratic in spin, accounting for rotational deformations. The behavior of tidal invariants of both electric and magnetic type is discussed in terms of gauge-invariant quantities when the body is moving along a circular orbit as well as in the case of an arbitrary (equatorial) motion. The analysis is completed by examining the associated eigenvalues and eigenvectors of the tidal tensors. The limiting situation of the Schwarzschild solution is also explored both in the strong field regime and in the weak field limit.
I. INTRODUCTION
Tidal interactions are expected to play a significant role in driving the dynamics of binary systems. For instance, gravitational waves emitted in the late stages of coalescing neutron star binaries should contain an imprint of the two-body tidal interaction. Several techniques have been developed so far to study relativistic tidal problems in the strong field regime at different levels of approximation. In the last decade we have seen the fruitful interaction of theoretical approaches, like the post-Newtonian (PN) and post-Minkowskian approximations, the gravitational self-force (SF) and the effective one-body (EOB) formalisms, besides the numerical relativity simulations [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] . Unfortunately, analyzing the strong field aspects of the dynamics of compact binaries is not an easy task, either from a theoretical point of view or from a fully numerical one. The state-of-the-art of our knowledge of tidal interactions in non-spinning comparable mass binary systems is substantially limited to the second PN approximation [13] , while in the limiting situation of an extreme-mass-ratio binary systems Dolan et al. [14] have obtained last year high-precision numerical results in the framework of linear perturbation theory, immediately followed by high-order PN accuracy theoretical computations by Bini and Damour [15] [16] [17] (up to the 7.5PN level first, and later to 10.5PN), showing helpful synergies between analytical and numerical approaches to this subject. Noticeably, very recently Kavanagh, Ottewill and Wardell [18] as well as JohnsonMcDaniel, Shah and Whiting [19] have been able to raise the PN precision of these computations to the level of 21 .5PN. Finite size effects induced by the shape of the bodies modify the dynamics of compact binary systems starting at the 5PN level, and have a counterpart in the notion of Love numbers (measuring the tidal polarizability of the bodies) [20] [21] [22] [23] . The case of tidal interactions among spinning bodies has not received yet enough attention in the literature, and is the object of the present study.
When the mass of one body is much smaller than that of its companion, its dynamics can be treated as the motion of an extended body in a given gravitational field due to the body of higher mass. This is the case of a star orbiting a compact object, which gets deformed by the tidal field associated with their mutual interaction [24] [25] [26] [27] [28] [29] [30] [31] . Tidal effects can be studied by constructing a body-fixed frame adapted to the timelike geodesic path along with the (center of mass of the) star is assumed to move under the action of a tidal potential, in terms of Fermi-type coordinates. These coordinates are related by definition to the background spacetime metric and curvature tensor evaluated along the world line of the body itself. Another approach consists in developing an effective field theory description of the extended body. In this case finite size effects are taken into account by adding to the point mass action certain non-minimal couplings which involve integrals of tidal invariants performed (again) along the path of the body. We stress that in both cases the computation of tidal tensors is required only along the body's world line, whose knowledge should be supplied as an additional information. This general framework still holds in perturbation theory, where the backreaction of the body on the background geometry is taken into account, as well as in the PN approximation. We will adopt such an effective action description of tidal effects to investigate the properties of tidal invariants associated with the world line of an extended body endowed with both dipolar and quadrupolar structure moving in the equatorial plane of a Kerr spacetime. We will focus on quadratic and cubic invariants of both electric and magnetic type, leaving for a future study more involved ones, like differential invariants constructed from the covariant derivative of the curvature tensor.
Let us make more precise some notational aspect. The masses of the two gravitationally interacting bodies are denoted by m 1 and m 2 , with the convention that m 1 ≤ m 2 . The body of mass m 1 is endowed with spin S 1 and that of mass m 2 is endowed with spin S 2 . We define, in a standard way, the total mass of the system (M), the reduced mass (µ) and the symmetric mass-ratio (ν) as
(1.1)
Other dimensionless mass ratios are often used, e.g.,
2) with the links
(1.3) In the limit of small mass-ratio (q ≪ 1), we have ν ≃ X 1 ≃ q and X 2 ≃ 1 − q. Finally, one usually defines χ 1,2 ≡ S 1,2 /m 2 1,2 as the dimensionless spin variable associated with each body. However, alternative definitions for the dimensionless spin are also used in the literature, e.g., S 1,2 /(m 1 m 2 ) and S 1,2 /M 2 .
II. TIDAL INVARIANTS
In an effective field theory description of extended objects, finite size effects are treated by increasing the (leading-order) point-mass action [20] 
by additional, non-minimal, couplings involving higherorder derivatives of the field evaluated along the world line of the body [32] [33] [34] [35] [36] [37] [38] [39] . Here dτ A = −(U A ) µ dy The body A feels the gravitational field of the whole interacting N -body system, which can be described by a suitably defined "external metric" [40] [41] [42] . Non-minimal couplings are expressed in terms of two types of tidal tensors computed in this metric: 
with
where
are tidal coefficients. Higher-order invariants involve higher-thanquadratic tidal scalars, e.g., cubic in G
As it follows from the above expressions, all these tidal tensors should be then evaluated along the world line of the body itself. This makes the problem more involved than the computation of coordinate invariants (simply built up through the spacetime metric), since the explicit solution for the world line of the body is also needed. We shall focus here on the simplest invariants associated with the quadrupolar electric-type and magnetictype tidal tensors G ab , H ab . The latter are related as follows to the spatial components of the "electric" and "magnetic" parts of the Riemann tensor (evaluated, with dimensional regularization, along the considered world line) 
the symbol * denoting the spacetime dual of a tensor, as standard. Here, we are interested in the tidal invariants of the body labeled 1 (with mass m 1 ), member of a binary system (i.e., N = 2). For ease of notation, we shall henceforth often suppress the body label A = 1. 8) where the notation O a (x n ) denotes a term which vanishes with a and which is O(x n ). In addition, let us recall that x is related to the body-dissymmetric (but SF motivated) frequency parameter y = (m 2 Ω) 2/3 by x = (1 + q) 2/3 y. We will evaluate below the tidal invariants T E (U 1 ), T B (U 1 ) and Tr [E(U 1 )]
3 along the world line L 1 of the smaller mass m 1 with spin S 1 , which we will assume to 1 The quadratic tidal invariants of electric and magnetic type are denoted in Ref. [15] by J 1e 2 and J 1b 2 , respectively. 2 The coordinate time angular velocity will be denoted by ζ in the next section, leaving the notation Ω for the proper time angular velocity.
be tidally deformed by its own spin. We will not consider here more involved tidal invariants, like differential invariants constructed from the covariant derivative of the curvature tensor. The latter play a role, e.g., in the context of the tidal interaction between ordinary stars and compact objects orbiting a black hole analyzed by using Fermi coordinate approximated tidal potentials, as discussed in Ref. [31] . The basic assumption there is that the presence of the star does not perturb the background field, and it can be described as a self-gravitating Newtonian fluid, whose center of mass moves along a timelike geodesic path. The tidal field due to the black hole is then computed from the Riemann tensor in terms of the geodesic deviation equation. The tidal invariants defined above all have an intrinsic observer-dependent meaning (see Eqs. (2.5) and (2.6)). In previous papers we have investigated the role of the observer measuring quadratic tidal invariants both in the Kerr spacetime [48] and in the spacetime of a rotating deformed mass [49] . We have considered there different families of observers which have a special geometrical and physical meaning as well as observers carrying an intrinsic spin. In particular, we have explored the family of stationary circularly rotating observers in the equatorial plane, including ZAMOs and geodesic observers, showing that no observer within this family can measure a vanishing electric tidal indicator, whereas it is the family of Carter's observers that measures a zero magnetic one.
When the internal structure of the moving body is taken into account, the tidal invariants will contain information about it. We will consider below an extended body endowed with both dipolar and quadrupolar structure as described by the Mathisson-Papapetrou-Dixon (MPD) model [50] [51] [52] [53] [54] [55] [56] [57] . The quadrupole tensor will be assumed to be spin-induced, i.e., proportional to the tracefree part of the square of the spin tensor by a constant parameter which is characteristic of the body under consideration. For instance, for neutron stars it depends on the equation of state [58] . We will consider the special case of circular motion as well as quasi-circular orbits, i.e., orbits which deviate from the reference circular geodesic motion due to both the spin-curvature force and the quadrupolar force.
III. EQUATORIAL MOTION IN A KERR SPACETIME
In standard Boyer-Lindquist coordinates the Kerr metric writes as
where ∆ = r 2 − 2M r + a 2 , Σ = r 2 + a 2 cos 2 θ and Λ = (r 2 + a 2 ) 2 − ∆a 2 sin 2 θ. Here M and a ≤ M , as standard too, are the total mass and the specific angular momentum characterizing the spacetime. The event horizons are located at r ± = M ± √ M 2 − a 2 . Introduce the zero angular momentum observer (ZAMO) family of fiducial observers with 4-velocity n orthogonal to the time coordinate hypersurfaces 2) where
and N φ = g tφ /g φφ = −2aM r/Λ are the lapse function and only nonvanishing component of the shift vector field respectively. The ZAMOs are accelerated and locally nonrotating in the sense that their vorticity vector vanishes; they have also a nonzero expansion tensor. A suitable orthonormal frame adapted to the ZAMOs is given by
3)
The electric and magnetic quadratic tidal invariants introduced in the previous section are simply related by [48] 
where U denotes the unit tangent vector to a given world line L. For instance, for ZAMOs (U = n) we find
This invariance property has been proven in Ref. [48] to hold for any given family of equatorial circularly rotating observers. It has a simple explanation in terms of the Kretschmann invariant K of the spacetime, since the difference between the tidal invariants is just proportional to K evaluated at θ = π/2. Actually, it is possible to show that the validity of Eq. (3.4) can be extended to an arbitrarily moving observer, not only in the equatorial plane. In fact, let {E0 ≡ U, Eî} be an arbitrary orthonormal frame adapted to a generic observer congruence with 4-velocity field U parametrized by the proper time τ . From the definition of the Kretschmann invariant 6) passing to frame components leads (in vacuum) to
where R0î0ĵ = E(U )îĵ and Rk0îĵ = B(U )krǫrîĵ, ǫîĵk being the Levi-Civita alternating symbol associated with the spatial orthonormal frame {Eî}. Therefore, the re-
holds for any observer's world line, provided that the Kretschmann invariant is evaluated along the chosen world line too. For instance, for an arbitrarily moving observer in the equatorial plane the previous relation reduce to Eq. (3.4) with r = r(τ ) as given by the parametric equations of the orbit (e.g., r = r 0 = constant in the case of circular orbits).
For a later convenience, we will use a tilde notation for mass-rescaled dimensionless quantities, e.g.,T E,B (U ) = M 4 T E,B (U ).
A. Circular orbits: a brief overview of their geometrical characterization
Consider a family of uniformly rotating timelike circular orbits at a given fixed radius on the equatorial plane with 4-velocity vector U (circ) . It can be parametrized equivalently either by the constant angular velocity ζ with respect to infinity or by the constant relative velocity ν with respect to the ZAMOs (defining the usual Lorentz factor γ = (1 − ν 2 ) −1/2 ) as follows
where Γ is a normalization factor such that
The parametric equations of the orbit are then given by
with proper time angular velocity Ω and coordinate time angular velocity ζ related by Ω = Γζ. For a later use, we introduce the dimensionless coordinate time angular velocity
and a spacelike unit vectorŪ (circ) within the Killing 2-plane which is orthogonal to U (circ) given bȳ
Co-rotating (+) and counter-rotating (−) geodesics U ± (with respect to the rotation of the background source, which is clockwise assuming a > 0) are characterized by the following angular and linear velocities
(3.15) respectively, and the associated normalization factor Γ(ζ ± ) ≡ Γ ± given by
Furthermore, the orthogonal unit vectorŪ ± is given bȳ
where the ± signs are correlated with those in U ± ,Γ ± = Γ ± |ν ± | andζ
In the static case
. The corresponding timelike conditions |ν ± | < 1 identify the allowed regions for the radial coordinate where co/counterrotating geodesics exist, i.e., the location of the light-ring (LR)
The latter are the positive roots of the cubic equation Γ −1 ± = 0, i.e.,
The dimensionless electric-type and magnetic-type tidal invariants in this case are given bỹ
They both diverge as approaching the LR as ∼ 1/(r − r (LR)± ) 2 . For instance, for a/M = 0.5 one finds
By introducing the Boyer-Lindquist inverse (dimensionless) radius 22) and the dimensionless rotation parameterâ ≡ a/M , Eq. (3.21) becomẽ 24) and the factor in front of each fraction represents the Newtonian value of the tidal invariants, i.e.,T
7 . Let us consider the "weak field" limit of the above expressions. The expansion for u ≪ 1 gives
where terms higher than quadratic in the rotation parameterâ have been neglected.
B. General equatorial orbits
Equatorial orbits have 4-velocity given by 27) where the relative velocity ν(U, n) = νrer + νφeφ has
, with associated Lorentz factor
The parametric equations of the orbit are the solutions of the evolution equations
Notice that for equatorial motion a convenient parametrization can be r itself. The relation (3.4) holds for an arbitrary equatorial orbit too, with r = r(τ ) to be taken along the world line U , as already stated.
IV. EXTENDED BODIES WITH SPIN-INDUCED QUADRUPOLAR DEFORMATIONS
Hereafter, we will refer to the body 1 as an extended body (with mass m 1 = m and spin S 1 ) moving in a Kerr background (i.e., in the gravitational field of the body 2, with mass m 2 = M and spin S 2 = M a). The dynamics of extended bodies in a given gravitational field is described by the MPD model [50] [51] [52] [53] [54] [55] [56] [57] . In the quadrupole approximation, MPD equations read
where P µ = mu µ (with u · u = −1) is the total 4-momentum of the body with mass m, S µν is a (antisymmetric) spin tensor, J αβγδ is the quadrupole tensor, and U µ = dz µ /dτ is the timelike unit tangent vector of the "center of mass line" (with parametric equations x µ = z µ (τ )) used to make the multipole reduction, parametrized by the proper time τ . Note that in general the mass m is not constant along the world line of the extended body, and should be distinguished from the (constant) "bare" mass m 0 . The tensor quantities introduced above are defined along the center of mass line only and all depend on τ .
Additional constraints are imposed to the spin tensor [52, 53] 
so that it is fully represented by a spatial vector (with respect to u), i.e.,
where η(u) αβγ = η µαβγ u µ is the spatial (with respect to u) unit volume 3-form with η αβγδ = √ −gǫ αβγδ the unit volume 4-form and ǫ αβγδ (ǫ 0123 = 1) the Levi-Civita alternating symbol. As standard, hereafter we denote the spacetime dual of a tensor (built up with η αβγδ ) by a * , whereas the spatial dual of a spatial tensor with respect to u (built up with η(u) αβγ ) by * (u) . It is also useful to introduce the signed magnitude s of the spin vector 4) which is in general not constant along the trajectory of the extended body. We will consider the special case of a quadrupole tensor completely determined by the spin structure of the body (see, e.g., Refs. [59, 60] ), i.e.,
where C Q is a constant parameter which is characteristic of the body under consideration (see, e.g., [60] with
STF denotes the trace-free part of the square of the spin tensor, i.e.,
where both the spin vector and the associated spin invariant have been used and P (u) projects orthogonally to u. We refer to Refs. [59] [60] [61] [62] [63] [64] [65] [66] for recent applications to the Schwarzschild and Kerr spacetimes of the MPD model in the quadrupole approximation. Here, we use the results of Ref. [64] , where the trajectory of the extended body has been fully determined under the assumptions of equatorial plane motion and spin of the body aligned with the rotation axis of the Kerr source, i.e.,
The MPD equations imply that in this case the spin magnitude remains constant during the evolution, while the mass m varies with r as
8) where the dimensionless spin parameterŝ = s/(m 0 M ) has been introduced. Implicit in the MPD model is the assumption that the characteristic length scale associated with the spin structure of the body be small enough if compared with the characteristic length of the background curvature, i.e., |ŝ| ≪ 1, in order to avoid backreaction effects. Note that along circular orbits the mass m is also a constant.
A. Circular orbits
Let us consider first the special case in which the orbit of the extended body remains circular. The 4-velocity U = U (circ) is thus given by Eq. (3.8) with normalization factor
and angular velocity
respectively, where
The parametric equations of the orbit are then given by Eq. (3.11).
The dimensionless electric-type and magnetic-type tidal invariants turn out to bẽ
so that
=T B (U ± ) ŝδŝ +ŝ 2 δŝŝ , (4.15)
andT E (U ± ) andT B (U ± ) given by Eq. (3.23).
In the weak field limit, the spin-induced corrections (4.15) to the geodesic valuesT E,B (U ± ) (see Eq. (3.25)) can be written as We show in Fig. 1 the behavior of the ratio T E (U (circ) )/T E (U ± ) as a function of the radial coordinate for selected values of the parameters. The allowed range of r is determined by the existence of circular geodesics, i.e., r > r (LR)+ ≈ 2.347M in the co-rotating case. The positive divergence at the LR is expected from geodesic motion. Spin corrections involve additional divergent terms in comparison with those already present in the Γ factor (see Eq. (4.9)); hence, in general, they enhance such a behavior. Our analysis shows that the value of the electric tidal invariant associated with the orbit of the extended body is always greater than the corresponding geodesic value if the spin vector is anti-aligned with the rotation axis of the background source. In the aligned case, instead, it is exactly the opposite for large radii. As the LR is approached, the curves exhibit a minimum, crossing then the geodesic value and finally indefinitely growing very close to the LR.
Inverting the relation between ζ and u
In order to get a gauge-invariant information from the tidal invariants computed above, one has to express them in terms of an observable quantity, like the angular velocity ζ, instead of the radial coordinate. We will use the following rescaled angular velocity where
with associated dimensionless variable
(4.22) Inverting then the above relation gives
Finally, the relation between u and ζ can be in turn easily obtained from the previous equation by replacing y ′ in terms of ζ through Eq. (4.19).
Alternatively, one can directly use the variable y introduced in Eq. (3.12) and related to y ′ by
The relation with u in this case is
(4.27)
3 A prime over ζ ′ŝ and ζ ′ŝŝ should not be confused here with a derivative.
Gauge-invariant expressions of tidal invariants
Let us turn to the general expressions (4.14) of tidal invariants. In terms of the gauge-invariant quantity y ′ introduced above they read
, (4.29)
with 30) and
The corresponding (weak field) y ′ −expansions arẽ
Noticeably, the dependence of the above result on the rotational parameterâ is exact (indeed the expansion has involved the y ′ variable only).
In the Schwarzschild case (y ′ = y) the previous expressions for the electric and magnetic tidal invariants simplify tõ T E (U (circ) ) y = 6y 6 1 − 3y + 3y
In the absence of spin, these results agree with the testmass limit (q → 0) of Eq. (2.8), where one sets
The spindependent terms are genuinely new and can be used to compare with similar results obtained through numerical approaches.
In Fig. 2 we show the behavior of the ratio T E (U (circ) )/T E (U ± ) as a function of the dimensionless rescaled angular velocity y ′ , for selected values of the parameters. The advantage of using the angular velocity as the independent variable in place of the radial coordinate is that the former is a gauge-invariant quantity. Fig. 2 exactly reproduces the features discussed in Fig. 1 in both cases of aligned/anti-aligned spin, which are then general enough.
Tidal eigenvalues
Let us evaluate the eigenvalues of the electric and magnetic tidal tensors M 2 E µ ν (U (circ) ) and M 2 B µ ν (U (circ) ). They are such that [14, 15] 
where we have taken into account their tracelessness and the existence of a zero magnetic eigenvalue (see also Appendix A, where the corresponding eigenvectors are also given). The three independent eigenvalues can be computed by using the quadratic invariantsT E (U (circ) ) and T B (U (circ) ) and the cubic invariant Tr [E(U (circ) )] 3 , which are related bỹ
The behavior of the ratio TE(U (circ) )/TE(U±) is shown as a function of the dimensionless rescaled angular velocity variable y ′ for the same choice of parameters as in Fig. 1 . The allowed range for y ′ is between 0 and M y ′ + ≈ 0.426, associated with r > r (LR)+ .
The cubic invariant turns out to be given by
Noticeably, the first and second order spin corrections of the electric cubic invariant are simply related to the corresponding ones of the electric quadratic invariant by
.
(4.37) The above eigenvalues have the following form
, (4.38)
and
Therefore, the value of the third electric eigenvalue λ
2 ) is not modified to second order in spin with respect to the corresponding geodesic value λ (E) (0) 3 = u 3 . The behavior of both first and second order corrections in spin of the electric eigenvalue λ
as a function of y ′ is shown in Fig. 3 , as an example. They are both mostly negligible for small values of y ′ (weak field), is shown as a function of the rescaled angular velocity variable y ′ for a/M = 0.5 and CQ = 1 in the case of co-rotating reference circular geodesics.
but their contribution becomes more and more significant as approaching the LR.
To conclude this section on circular motion, it is interesting to compare the spin-induced corrections to the tidal eigenvalues to first order in spin in the limiting case of a Schwarzschild spacetime with the self-force corrections obtained in Ref. [15] , i.e.,
The solutions (4.38) for the tidal eigenvalues in terms of the coordinate variable u evaluated atâ = 0 become 43) or, in terms of the gauge-invariant variable y defined in Eq. (3.12),
whose weak field expansion gives
Therefore, the ratio between 1SF corrections and spininduced corrections behaves as y 3/2 for all eigenvalues. In fact, to first order in spin (1S) the latter are given by
B. Quasi-circular orbits
Let us consider the solution to the MPD equations corresponding to a quasi-circular orbit with unit tangent vector U µ = dx µ /dτ , i.e., the initial conditions being chosen so that the world line of the extended body has the same starting point as the reference circular geodesic at radius r = r 0 for vanishing spin. We also require that the two world lines are initially tangent.
The complete solution (up to O(ŝ 2 ) included) is given by [62, 64] 
Here ℓ ≡ Ω (ep) τ is a parameter along the orbit and
denotes the well known epicyclic frequency governing the radial perturbations of circular geodesics, with associated dimensionless variable defined as
The explicit expressions for the coefficients are listed in Appendix B.
The unit tangent vector to the orbit is then given by
53) and
Tidal invariants along quasi-circular orbits
The tidal electric and magnetic invariants can be written asT
(4.56)
It turns out that the first and second order corrections to the tidal electric and magnetic invariants are related byT
. (4.57)
We find The first order correction is 60) whereas the second order corrections have very long expressions and are listed in Appendix B. We list below their approximate expansions in the weak field limit: Fig. 4 shows the evolution of the radial coordinate as well as the behavior of the ratio T E (U )/T E (U ± ) along the orbit for selected values of the parameters. The orbit of the extended body initially deviates slightly from the reference circular geodesic, but after a number of oscillations it gets closer and closer to the central source. This is due to the chosen value of the spin parameter, which has been exaggerated to enhance the effect. The secular term appearing at the second order in spin is responsible for driving the growth of the oscillations after each revolution. Note that the amplitude of the oscillations should actually maintain small in order that the orbit be "quasicircular." This is achieved by choosing a smaller value of s, which should be indeed much less than 1 to preserve the validity of the MPD model, as already stated. A final remark concerns the behavior of tidal eigenvalues. Their expressions in this case are quite long and not very illuminating, so that we avoid showing them. However, the structure of the solution is similar to that of tidal invariants evaluated above, containing oscillating terms with frequency equal to the epicyclic frequency and a secular term enhancing the amplitude of the oscillations.
V. CONCLUDING REMARKS
We have computed the lowest order tidal invariants (of both electric and magnetic types) along the (nongeodesic) world line of an extended body in the equatorial plane of a Kerr spacetime. The body is spinning and . Note that the value of the spin parameter has been exaggerated to enhance the effect. It should actually be very small in order that the MPD model be valid, implying that the orbit would remain "quasi circular" after a large number of revolutions.
tidally deformed. Its motion is described in terms of a number of (scalar, vector, tensor) fields defined along a single world line ("center of mass" line). These fields are associated with a multipolar expansion around the center of mass line according to the MPD model truncated at the quadrupole order. The quadrupole tensor is assumed to be quadratic in spin, accounting for deformations induced by the spin itself. We have discussed the behavior of such invariants when the body is moving along a circular orbit as well as in the case of arbitrary (equatorial) motion. The resulting expressions are in general quite involved, so we have also computed the corresponding weak field expansion, which can be directly compared with the existing PN literature, especially in the limiting case of the Schwarzschild solution.
In the circular case the results are expressed in a gaugeinvariant way in terms of a suitably defined dimensionless angular velocity. The spin dependent terms are genuinely new and can provide useful information when compared with purely numerical investigations. We have shown that first order spin corrections to tidal invariants appear at the 1.5PN fractional accuracy beyond the leading (Newtonian) order, as expected. Quadratic spin corrections, instead, arise at the 3PN fractional accuracy. The behavior at the light ring is dominated by the corresponding geodesic values, i.e., the tidal invariants of both kinds diverge as (r − r (LR) ) −2 . We have also evaluated the eigenvalues of the electric and magnetic tidal tensors, whose derivation requires the computation of the cubic electric invariant too. In the simpler Schwarzschild situation we have compared the self force expressions in absence of spin (0S-1SF) of the tidal eigenvalues with their counterparts in the case in which one takes into account spin corrections but neglects those due to self force (1S-0SF). We have found that the ratio between 0S-1SF corrections and 1S-0SF behaves as y 3/2 for eigenvalues of both kind. This simple example may give some useful information concerning the interplay of the associated effects.
In the non-circular case, instead, the electric and magnetic invariants (as well as the associated tidal eigenvalues) vary along the orbit, exhibiting an oscillating behavior with frequency equal to the epicyclic frequency and twice its value plus a secular term which appears at the second order in spin only. A possible extension of the present analysis would be that of converting the Boyer-Lindquist coordinate tidal information into some more efficient formalism when dealing with a two-body system, like the EOB formalism. We leave this further analysis to future works. We compute in this section the eigenvectors associated with the electric and magnetic tidal tensors in the case of circular motion (see also Ref. [14] ).
Let us first introduce the orthonormal frame adapted to U (circ) (see also Section III A) E 0 ≡ U (circ) = γ[n + νeφ] , E 1 = er , E 2 = eθ ,
where γ = (1−ν 2 ) −1/2 . For example, if ν > 0, then {E a } is such that η(U (circ) ) αβγ E (1 ∓â √ u 0 ) ,
and 
Representation of tidal invariants
We list below the second order corrections to the tidal invariants (4.58): 
where ǫ 
